
MATRIX FACTORIZATIONS

1. A = LU =

(
lower triangularL
1’s on the diagonal

)(
upper triangularU

pivots on the diagonal

)

Requirements: No row exchanges as Gaussian elimination reduces squareA toU .

2. A = LDU =

(
lower triangularL
1’s on the diagonal

)(
pivot matrix
D is diagonal

)(
upper triangularU
1’s on the diagonal

)

Requirements: No row exchanges. The pivots inD are divided out to leave1’s on
the diagonal ofU . If A is symmetric thenU isLT andA = LDLT.

3. PA = LU (permutation matrixP to avoid zeros in the pivot positions).

Requirements: A is invertible. ThenP,L, U are invertible. P does all of the
row exchanges onA in advance, to allow normalLU . Alternative:A = L1P1U1.

4. EA = R (m bym invertibleE) (anym by n matrixA) = rref(A).

Requirements: None ! The reduced row echelon formR hasr pivot rows and pivot
columns, containing the identity matrix. The lastm − r rows ofE are a basis for
the left nullspace ofA; they multiplyA to givem − r zero rows inR. The firstr
columns ofE−1 are a basis for the column space ofA.

5. S = CTC = (lower triangular) (upper triangular) with
√
D on both diagonals

Requirements: S is symmetric and positive definite (alln pivots inD are positive).
ThisCholesky factorizationC = chol(S) hasCT = L

√
D, soS = CTC = LDLT.

6. A = QR = (orthonormal columns inQ) (upper triangularR).

Requirements: A has independent columns. Those areorthogonalizedin Q by the
Gram-Schmidt or Householder process. IfA is square thenQ−1 = QT.

7. A = XΛX−1 = (eigenvectors inX) (eigenvalues inΛ) (left eigenvectors inX−1).

Requirements: A must haven linearly independent eigenvectors.

8. S = QΛQT = (orthogonal matrixQ) (real eigenvalue matrixΛ) (QT isQ−1).

Requirements: S is real and symmetric: ST = S. This is the Spectral Theorem.
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564 Matrix Factorizations

9. A = BJB−1 = (generalized eigenvectors inB) (Jordan blocks inJ) (B−1).

Requirements: A is any square matrix. ThisJordan formJ has a block for each
independent eigenvector ofA. Every block has only one eigenvalue.

10. A = UΣV T =

(
orthogonal
U ism×m

)(
m× n singular value matrix
σ1, . . . , σr on its diagonal

)(
orthogonal
V is n× n

)
.

Requirements: None. ThisSingular Value Decomposition(SVD) has the eigenvec-
tors ofAAT in U and eigenvectors ofATA in V ; σi =

√
λi(ATA) =

√
λi(AAT).

11. A+ = V Σ+UT =

(
orthogonal
n× n

)(
n×m pseudoinverse ofΣ
1/σ1, . . . , 1/σr on diagonal

)(
orthogonal
m×m

)
.

Requirements: None. ThepseudoinverseA+ hasA+A = projection onto row space
of A andAA+ = projection onto column space.A+ = A−1 if A is invertible. The
shortest least-squares solution toAx = b isx+=A+b. This solvesATAx+=ATb.

12. A = QS = (orthogonal matrixQ) (symmetric positive definite matrixS).

Requirements: A is invertible. Thispolar decompositionhasS2 = ATA. The
factorS is semidefinite ifA is singular. The reverse polar decompositionA = KQ
hasK2 = AAT. Both haveQ = UV T from the SVD.

13. A = UΛU−1 = (unitaryU ) (eigenvalue matrixΛ) (U−1 which isUH = U
T

).

Requirements: A is normal: AHA = AAH. Its orthonormal (and possibly complex)
eigenvectors are the columns ofU . Complexλ’s unlessS = SH: Hermitian case.

14. A = QTQ−1 = (unitaryQ) (triangularT with λ’s on diagonal) (Q−1 = QH).

Requirements: Schur triangularizationof any squareA. There is a matrixQ with
orthonormal columns that makesQ−1AQ triangular: Section 6.4.

15. Fn =

[
I D
I −D

] [
Fn/2

Fn/2

] [
even-odd

permutation

]
= one step of the recursiveFFT.

Requirements: Fn = Fourier matrix with entrieswjk wherewn = 1: FnFn = nI.
D has1, w, . . . , wn/2− 1 on its diagonal. Forn = 2ℓ the Fast Fourier Transform
will computeFnx with only 1

2nℓ =
1
2n log2 n multiplications fromℓ stages ofD’s.




