
Chapter 1

Introduction to Vectors

The heart of linear algebra is in two operations—both with vectors. We add vectors to get

v + w. We multiply them by numbers c and d to get cv and dw. Combining those two

operations (adding cv to dw) gives the linear combination cv + dw.

Linear combination cv + dw = c

[
1
1

]
+ d

[
2
3

]
=

[
c+ 2d
c+ 3d

]

Example v +w =

[
1
1

]
+

[
2
3

]
=

[
3
4

]
is the combination with c = d = 1

Linear combinations are all-important in this subject! Sometimes we want one partic-

ular combination, the specific choice c = 2 and d = 1 that produces cv + dw = (4, 5).
Other times we want all the combinations of v and w (coming from all c and d).

The vectors cv lie along a line. When w is not on that line, the combinations cv+ dw
fill the whole two-dimensional plane. (I have to say “two-dimensional” because linear

algebra allows higher-dimensional planes.) Starting from four vectors u,v,w, z in four-

dimensional space, their combinations cu + dv + ew + fz are likely to fill the space—

but not always. The vectors and their combinations could even lie on one line.

Chapter 1 explains these central ideas, on which everything builds. We start with two-

dimensional vectors and three-dimensional vectors, which are reasonable to draw. Then

we move into higher dimensions. The really impressive feature of linear algebra is how

smoothly it takes that step into n-dimensional space. Your mental picture stays completely

correct, even if drawing a ten-dimensional vector is impossible.

This is where the book is going (into n-dimensional space). The first steps are the

operations in Sections 1.1 and 1.2. Then Section 1.3 outlines three fundamental ideas.

1.1 Vector addition v +w and linear combinations cv + dw.

1.2 The dot product v ·w of two vectors and the length ‖v‖ = √v · v.

1.3 Matrices A, linear equations Ax = b, solutions x = A−1b.

1
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Linear Combinations

Combining addition with scalar multiplication, we now form “linear combinations” of v
and w. Multiply v by c and multiply w by d; then add cv + dw.

DEFINITION The sum of cv and dw is a linear combination of v and w.

Four special linear combinations are: sum, difference, zero, and a scalar multiple cv:

1v + 1w = sum of vectors in Figure 1.1a

1v − 1w = difference of vectors in Figure 1.1b

0v + 0w = zero vector

cv + 0w = vector cv in the direction of v

The zero vector is always a possible combination (its coefficients are zero). Every time we

see a “space” of vectors, that zero vector will be included. This big view, taking all the

combinations of v and w, is linear algebra at work.

The figures show how you can visualize vectors. For algebra, we just need the com-

ponents (like 4 and 2). That vector v is represented by an arrow. The arrow goes v1 = 4
units to the right and v2 = 2 units up. It ends at the point whose x, y coordinates are 4, 2.

This point is another representation of the vector—so we have three ways to describe v:

Represent vector v Two numbers Arrow from (0, 0) Point in the plane

We add using the numbers. We visualize v +w using arrows:

Vector addition (head to tail) At the end of v, place the start of w.

Figure 1.1: Vector addition v + w = (3, 4) produces the diagonal of a parallelogram.

The linear combination on the right is v −w = (5, 0).

We travel along v and then along w. Or we take the diagonal shortcut along v + w. We

could also go along w and then v. In other words, w+ v gives the same answer as v+w.
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Figure 1.3: (a) Line through u. (b) The plane containing the lines through u and v.

This is the typical situation! Line, then plane, then space. But other possibilities exist.

When w happens to be cu + dv, the third vector is in the plane of the first two. The

combinations of u,v,w will not go outside that uv plane. We do not get the full three-

dimensional space. Please think about the special cases in Problem 1.

REVIEW OF THE KEY IDEAS

1. A vector v in two-dimensional space has two components v1 and v2.

2. v +w = (v1 + w1, v2 + w2) and cv = (cv1, cv2) are found a component at a time.

3. A linear combination of three vectors u and v and w is cu+ dv + ew.

4. Take all linear combinations of u, or u and v, or u,v,w. In three dimensions,

those combinations typically fill a line, then a plane, and the whole space R3.

WORKED EXAMPLES

1.1 A The linear combinations of v = (1, 1, 0) and w = (0, 1, 1) fill a plane. Describe

that plane. Find a vector that is not a combination of v and w.

Solution The combinations cv+dw fill a plane in R3. The vectors in that plane allow

any c and d. The plane of Figure 1.3 fills in between the “u-line” and the “v-line”.

Combinations cv + dw = c




1
1
0


+ d




0
1
1


 =




c
c+ d
d


 fill a plane.

Four particular vectors in that plane are (0, 0, 0) and (2, 3, 1) and (5, 7, 2) and

(π, 2π, π). The second component c + d is always the sum of the first and third com-

ponents. The vector (1, 2, 3) is not in the plane, because 2 6= 1 + 3.
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Figure 1.4: Unit cube from i, j, k and twelve clock vectors.

13 (a) What is the sum V of the twelve vectors that go from the center of a clock to

the hours 1:00, 2:00, . . . , 12:00?

(b) If the 2:00 vector is removed, why do the 11 remaining vectors add to 8:00?

(c) What are the components of that 2:00 vector v = (cos θ, sin θ)?

14 Suppose the twelve vectors start from 6:00 at the bottom instead of (0, 0) at the

center. The vector to 12:00 is doubled to (0, 2). Add the new twelve vectors.

Problems 15–19 go further with linear combinations of v and w (Figure 1.5a).

15 Figure 1.5a shows 1
2v + 1

2w. Mark the points 3
4v + 1

4w and 1
4v + 1

4w and v +w.

16 Mark the point −v + 2w and any other combination cv + dw with c + d = 1.

Draw the line of all combinations that have c+ d = 1.

17 Locate 1
3
v + 1

3
w and 2

3
v + 2

3
w. The combinations cv + cw fill out what line?

18 Restricted by 0 ≤ c ≤ 1 and 0 ≤ d ≤ 1, shade in all combinations cv + dw.

19 Restricted only by c ≥ 0 and d ≥ 0 draw the “cone” of all combinations cv + dw.

Figure 1.5: Problems 15–19 in a plane Problems 20–25 in 3-dimensional space
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The Angle Between Two Vectors

We stated that perpendicular vectors have v · w = 0. The dot product is zero when the

angle is 90◦. To explain this, we have to connect angles to dot products. Then we show

how v ·w finds the angle between any two nonzero vectors v and w.

Right angles The dot product is v ·w = 0 when v is perpendicular to w.

Proof When v and w are perpendicular, they form two sides of a right triangle.

The third side is v −w (the hypotenuse going across in Figure 1.8). The Pythagoras Law

for the sides of a right triangle is a2 + b2 = c2:

Perpendicular vectors ‖v‖2 + ‖w‖2 = ‖v −w‖2 (2)

Writing out the formulas for those lengths in two dimensions, this equation is

Pythagoras
(
v21 + v22

)
+
(
w2

1 + w2
2

)
= (v1 − w1)

2 + (v2 − w2)
2. (3)

The right side begins with v21−2v1w1+w2
1 . Then v21 and w2

1 are on both sides of the equa-

tion and they cancel, leaving −2v1w1. Also v22 and w2
2 cancel, leaving −2v2w2.

(In three dimensions there would be −2v3w3.) Now divide by −2:

0 = −2v1w1 − 2v2w2 which leads to v1w1 + v2w2 = 0. (4)

Conclusion Right angles produce v · w = 0. The dot product is zero when the angle is

θ = 90◦. Then cos θ = 0. The zero vector v = 0 is perpendicular to every vector w
because 0 ·w is always zero.

Now suppose v · w is not zero. It may be positive, it may be negative. The sign of

v ·w immediately tells whether we are below or above a right angle. The angle is less than

90◦ when v ·w is positive. The angle is above 90◦ when v ·w is negative. The right side

of Figure 1.8 shows a typical vector v = (3, 1). The angle with w = (1, 3) is less than 90◦

because v ·w = 6 is positive.

Figure 1.8: Perpendicular vectors have v ·w = 0. Then ‖v‖2 + ‖w‖2 = ‖v −w‖2.
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2.3 Elimination Using Matrices

We now combine two ideas—elimination and matrices. The goal is to express all the steps

of elimination (and the final result) in the clearest possible way. In a 3 by 3 example,

elimination could be described in words. For larger systems, a long list of steps would be

hopeless. You will see how to subtract a multiple of row j from row i—using a matrix E.

The 3 by 3 example in the previous section has the beautifully short form Ax = b:

2x1 + 4x2 − 2x3 = 2
4x1 + 9x2 − 3x3 = 8
−2x1 − 3x2 + 7x3 = 10

is the same as




2 4 −2
4 9 −3
−2 −3 7





x1

x2

x3


 =




2
8
10


 . (1)

The nine numbers on the left go into the matrix A. That matrix not only sits beside x, it

multiplies x. The rule for “A times x” is exactly chosen to yield the three equations.

Review of A times x. A matrix times a vector gives a vector. The matrix is square when

the number of equations (three) matches the number of unknowns (three). Our matrix is

3 by 3. A general square matrix is n by n. Then the vector x is in n-dimensional space.

The unknown in R3 is x =



x1

x2

x3


 and the solution is x =



−1
2
2


 .

Key point: Ax = b represents the row form and also the column form of the equations.

Column form Ax = (−1)




2
4
−2


+ 2




4
9
−3


+ 2



−2
−3
7


 =




2
8

10


 = b.

This rule for Ax is used so often that we express it once more for emphasis.

Ax is a combination of the columns of A. Components of x multiply those columns:

Ax = x1 times (column 1) + · · ·+ xn times (column n).

When we compute the components of Ax, we use the row form of matrix multiplica-

tion. The ith component is a dot product with row i of A, which is [ai1 ai2 . . . ain].
The short formula for that dot product with x uses “sigma notation”.

Components of Ax are dot products with rows of A.

The ith component of Ax is ai1x1 + ai2x2 + · · ·+ ainxn. This is

n∑

j=1

aijxj .

The sigma symbol
∑

is an instruction to add.1 Start with j = 1 and stop with j = n.

Start the sum with ai1x1 and stop with ainxn. That produces (row i) · x.

1Einstein shortened this even more by omitting the
∑

. The repeated j in aijxj automatically meant addition.

He also wrote the sum as a
j
ixj . Not being Einstein, we include the

∑
.
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the columns of A. That is the column picture of matrix multiplication:

Matrix A times column of B A
[
b1 · · · bp

]
=
[
Ab1 · · ·Abp

]
.

The row picture is reversed. Each row of A multiplies the whole matrix B. The result is a

row of AB. It is a combination of the rows of B:

Row times matrix
[

row i of A
]


1 2 3
4 5 6
7 8 9


 =

[
row i of AB

]
.

We see row operations in elimination (E times A). We see columns in A times x. The

“row-column picture” has the dot products of rows with columns. Believe it or not,

there is also a column-row picture. Not everybody knows that columns 1, . . . , n of A
multiply rows 1, . . . , n of B and add up to the same answer AB. Worked Example 2.3 C

had numbers for n= 2. Example 3 will show how to multiply AB using columns times

rows.

The Laws for Matrix Operations

May I put on record six laws that matrices do obey, while emphasizing an equation they

don’t obey? The matrices can be square or rectangular, and the laws involving A+ B are

all simple and all obeyed. Here are three addition laws:

A+ B = B + A (commutative law)
c(A+ B) = cA+ cB (distributive law)

A+ (B + C) = (A+ B) + C (associative law).

Three more laws hold for multiplication, but AB = BA is not one of them:

AB 6= BA (the commutative “law” is usually broken)

C(A+ B) = CA+ CB (distributive law from the left)
(A+B)C = AC + BC (distributive law from the right)

A(BC) = (AB)C (associative law for ABC) (parentheses not needed).

When A and B are not square, AB is a different size from BA. These matrices can’t be

equal—even if both multiplications are allowed. For square matrices, almost any example

shows that AB is different from BA:

AB =

[
0 0
1 0

] [
0 1
0 0

]
=

[
0 0
0 1

]
but BA =

[
0 1
0 0

] [
0 0
1 0

]
=

[
1 0
0 0

]
.

It is true that AI = IA. All square matrices commute with I and also with cI . Only these

matrices cI commute with all other matrices.

The law A(B + C) = AB + AC is proved a column at a time. Start with A(b+ c) =
Ab+ Ac for the first column. That is the key to everything—linearity. Say no more.

The law A(BC) = (AB)C means that you can multiply BC first or else AB first.

The direct proof is sort of awkward (Problem 37) but this law is extremely useful.

We highlighted it above; it is the key to the way we multiply matrices.
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Example 3 (Important special case) Let the blocks of A be its n columns. Let the

blocks of B be its n rows. Then block multiplication AB adds up columns times rows:

Columns

times

rows



| |
a1 · · · an

| |







— b1 —
...

— bn —


 =


a1b1 + · · ·+ anbn


 . (2)

This is another way to multiply matrices. Compare it with the usual rows times columns.

Row 1 of A times column 1 of B gave the (1, 1) entry in AB. Now column 1 of A times

row 1 of B gives a full matrix—not just a single number. Look at this example:

[
1 4
1 5

] [
3 2
1 0

]
=

[
1
1

] [
3 2

]
+

[
4
5

] [
1 0

]

Column 1 times row 1

+ Column 2 times row 2
=

[
3 2
3 2

]
+

[
4 0
5 0

]
. (3)

We stop there so you can see columns multiplying rows. If a 2 by 1 matrix (a column)

multiplies a 1 by 2 matrix (a row), the result is 2 by 2. That is what we found. Dot

products are inner products and these are outer products. In the top left corner the answer

is 3 + 4 = 7. This agrees with the row-column dot product of (1, 4) with (3, 1).

Summary The usual way, rows times columns, gives four dot products (8 multiplications).

The new way, columns times rows, gives two full matrices (the same 8 multiplications).

The 8 multiplications, and the 4 additions, are just executed in a different order.

Example 4 (Elimination by blocks) Suppose the first column of A contains 1, 3, 4.

To change 3 and 4 to 0 and 0, multiply the pivot row by 3 and 4 and subtract. Those

row operations are really multiplications by elimination matrices E21 and E31:

One at a time E21 =




1 0 0
−3 1 0
0 0 1


 and E31 =




1 0 0
0 1 0
−4 0 1


 .

The “block idea” is to do both eliminations with one matrix E. That matrix clears out the

whole first column of A below the pivot a = 1:

E =




1 0 0
−3 1 0
−4 0 1


 multiplies



1 x x
3 x x
4 x x


 to give EA =



1 x x
0 x x
0 x x


 .

Using inverses from 2.5, a block matrix E can do elimination on a whole (block) column

of A. Suppose A has four blocks A,B,C,D. Watch how E multiplies A by blocks:

Block

elimination

[
I 0

−CA−1 I

][
A B

C D

]
=

[
A B

0 D − CA−1B

]
. (4)

Elimination multiplies the first row [A B ] by CA−1 (previously c/a). It subtracts from

C to get a zero block in the first column. It subtracts from D to get S = D − CA−1B.
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2.4 B For these matrices, when does AB = BA? When does BC = CB? When does

A times BC equal AB times C? Give the conditions on their entries p, q, r, z:

A =

[
p 0
q r

]
B =

[
1 1
0 1

]
C =

[
0 z
0 0

]

If p, q, r, 1, z are 4 by 4 blocks instead of numbers, do the answers change?

Solution First of all, A times BC always equals AB times C. Parentheses are not

needed in A(BC) = (AB)C = ABC. But we must keep the matrices in this order:

UsuallyAB 6= BA AB =

[
p p
q q + r

]
BA =

[
p+ q r
q r

]
.

BychanceBC = CB BC =

[
0 z
0 0

]
CB =

[
0 z
0 0

]
.

B and C happen to commute. Part of the explanation is that the diagonal of B is I , which

commutes with all 2 by 2 matrices. When p, q, r, z are 4 by 4 blocks and 1 changes to I ,

all these products remain correct. So the answers are the same.

2.4 C A directed graph starts with n nodes. The n by n adjacency matrix has aij = 1
when an edge leaves node i and enters node j; if no edge then aij = 0.

The i, j entry of A2 is
∑

aikakj . This is aila1j + · · · + ainanj . Why does that sum

count the two-step paths from i to any node to j? The i, j entry of Ak counts k-step paths:

[
1 1
1 0

]2
=

[
2 1
1 1

]
Count paths

with two edges

[
1 to 2 to 1, 1 to 1 to 1 1 to 1 to 2

2 to 1 to 1 2 to 1 to 2

]

List all of the 3-step paths between each pair of nodes and compare with A3.

Solution The number aikakj will be “1” if there is an edge from node i to k and an edge

from k to j. This is a 2-step path. The number aikakj will be “0” if either of those edges

(i to k, k to j) is missing. So the sum of aikakj is the number of 2-step paths leaving i and

entering j. Matrix multiplication is just right for this count.




